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Let X be a topological space, Y a Banach space, and f a mapping 
of X into Y. The theory of normally solvable mappings f for f nonlinear 
develops the consequences of assuming that the image f(X) of the 
mapping is a closed subset of the Banach space Y together with 
assumptions of a local or infinitesimal character upon the structure 
of the image set f(X). R esults of this type were developed in the 
author’s papers ([3-91) d un er various hypotheses in which the same 
infinitesimal or local assumptions were made at each image point f (X) 
without distinguishing between classes of “interior” or “boundary” 
points of X. 
In the present discussion, we develop a more precise form of this 
theory which corresponds to the case in which we think of X as the 
closure of an open subset U of a Banach space E and make infinitesimal 
assumptions only upon the image of the interior U of X. The question 
which we seek to answer is whether within the framework of the theory 
of normally solvable nonlinear mappings, one can develop a theory of 
continuation of solutions of functional equations under homotopy 
which is analogous to the well-known theories for homeomorphisms 
on the one hand and some of the conclusions of the Leray-Schauder 
degree theory for maps of the form I - C with C compact, on the 
other. Our basic result in Theorems 1 and 2 is that indeed such a 
theory exists which covers all the interesting special cases. 
The basic local hypotheses used in, the previous normal solvability 
results can be put in the following modified form for our present 
purposes. 
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ASSUMPTIONS. Let X be a topological space, U a subset of X, 
W = X - U. Letfb e a mapping of X into the Banach space Y with 
f(X) a closed subset of Y. For each point y0 of f(U) with r,, = 
dist(y, J(W)> > 0, we assume that there exists r with 0 < r < r0 
such that one of the following conditions is satisfied. 
(I) There exists p < 1 such that for each x in f-1(B7,2(~O)) and 
each y in %df(~)), th ere exist sequences {uj} in X and {tj) in the 
positive real numbers such that f(r.+) converges to f(x) in Y, f(r+) # 
f(x), while 
II Si’W%> -f(4) - (Y - few d P II Y - f(4l 
for each j. 
(II) The conjugate space Y* of Y is uniformly convex, and there 
exists y > 0 such that for each x inf-l(B,(y,)), there exists a dense 
subset R, of the unit sphere in Y* such that for y* in R, , there exists 
an infinite sequence {ui> in X with f(uj) converging to f(x) in Y, 
f(ui) # f(x) for each j, such that 
l ty*> f ( % )  - f ( x ) )  2 Y I I  f ( % )  -  fWll 
for each j. 
(III) The space Y is uniformly convex and has twice-differentiable 
norm on the complement of the origin with bounded second derivative, 
i.e., the duality mapping / of Y into Y* satisfies a Lipschitz condition 
II J(r) - I(n>ll G MIIY - Yl IL (Y, Yl E Y)* 
For each y and 4.&d V(U), and for each yr in B&y) nf(X), 
there exists o inf(X) such that 
(JO - 4, v - r1) > M II v - Yl llZ* 
DEFINITION 1. Let X and Y be topological spaces, U a subset of X, 
W = X - U. Let f be a mapping of X into Y. Then f is said to be 
full over U if for any component V of Y - cl( f( IV)) which meets 
f ( U), f( U) contains V. 
THEOREM 1. Let X be a topological space, U a subset of X, 
W = X - U. Let f be a mapping of X into the Banach space Y with 
f(X) closed in Y. S pp u ose that f satisfies one of the three conditions (I), 
(II), OT (III) of the Assumptions above. Then f is full over U. 
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Proof of Theorem 1. We note first that it suffices to prove the 
following assertion under the hypotheses of the Theorem. 
Assert. For each point y0 off(U) - cl( IV), there exists a positive 
number r such that the closed ball B,(y,) is contained in f (U). 
Indeed, if we let V be any component of Y - cl( f (IV)) which 
contains a point off(U), to show that V itself is contained in f (U), 
it suffices by the connectedness of V to show that f (U) r\ V is both 
open and closed in V. Since 
f(U) f-l (Y - WW) = fV> n (Y - cl(fW)N, 
while f (X) is closed in Y by hypothesis, it follows immediately that 
is closed in V. On the other hand, from the Assertion stated above, 
it follows immediately that f(U) n (Y - cl( f (IV))) is open in 
Y - cl( f (IV))). Hence 
f(U) f-l rJ = {f(u) n (Y - 4fvw n v 
is open in V. Hence it follows from the Assertion that for such a V, 
f(U) contains V. 
To prove the Assertion, we note first that for any y0 in 
f(U) - cl(f (W), h t ere exists d > 0 (depending on yO) such that the 
closed ball B&Y,,) is disjoint from f (IV). If we let dl = d/3, then for 
any point y in Bd,(y,,) and for the function s(y) = dist(y, f (X)), all 
points y1 in f (X) such that 1 y - y1 1 < 24~) must certainly lie in 
B&v,) and hence cannot lie in f ( w> or even in cl( f (IV). To complete 
the proof in each case, we apply arguments presented in the earlier 
papers [7] and [9]. 
For the case (I), the result follows by the proof of Theorem 1 of [7]. 
(This result was proved independently by Danes as the “drop” 
theorem in [IO].) 
For the case (II), this result follows from the proof of Theorem 2 of 
[71* 
For the case (III), the result follows by an obvious modification of 
the proof of Theorem 3 of [9]. 
THEOREM 2. Let X be a topological space, Y a Banach space, F a 
mapping of X x [0, I] into Y, where for each t in [0, I], we let fi be 
the mapping of X into Y given by 
f&4 = q.? t). 
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Suppose that the following conditions are all satisjied for a subset U of X, 
w=x-u. 
(1) For each t in [0, 11, f t(X) is closed in Y, while f t is full over U. 
(2) The mapping f t is continuous in t from [0, l] to the space of 
maps from X to Y with the topology of uniform convergence on X. 
(3) {y(t): 0 < t G l> is a continuous curve in Y with 
dist(y(t),ftW’)) > 0 
for each t in [0, 11. 
Suppose that y(0) 1 ies in fO( U). Then: y(t) lies in f (U) for each t in 
[O, 11. 
Proof of Theorem 2. Let R = {t 1 t E [0, 11, y(t) Ef (U)}. Then t 
lies in R if and only if y(t) lies in f(X), since by hypothesis, y(t) 
certainly does not lie in f (W). R is nonempty since we are assuming 
that y(0) lies in f,,( U), i.e., 0 lies in R. To prove Theorem 2 is equivalent 
to showing that R = [O, 11. 
Since [0, I] is connected as a topological space, it suffices to prove 
that R is both open and closed in [0, 11. We first prove that R is closed. 
Indeed, let {tj} b e a sequence in R with tj -+ t in [0, 11. For each j, 
there exists xi in U such that 
By the continuity of the curve {y(t)), y(tj) -+ y(t). By the condition (2) 
for the continuity off, in t, /I fl,(xj) - fl(xj)/\ + 0. Hence ft(xj) -+ y(t), 
i.e., y(t) lies in the closure of fi(X). Since fl(X) is closed, y(t) lies in 
fi(X). Thus t lies in R, and R is closed in [0, 11. 
To show that R is open, we assume that t lies in R. Let d(t) = 
dist(y(t), fl( W)). By hypothesis (3), d(t) > 0. 
By hypothesis, there exists a function ,B(s, t) with /3(s, t) -+ 0 as 
s + t such that for all x in X, 
There exists an interval of length 6 about t in [0, l] such that for s 
in this interval I, 
IIf&) - fsb)il < (l/3) 4th (x E X). 
Let r be (l/3) d(t), and consider the closed ball B,( y(t)). For s in I, 
dist(y(t), fs(W)) >, d(t) - (l/3) d(t) = (2/3) d(t). Hence B,(y(t)) lies 
NORMALLY SOLVABLE NONLINEAR MAPPINGS 445 
in a single component of Y - cl(f,( W)) for s in I, since each ball is 
connected. For s in 1, we may also assume that y(s) lies in B,.(y(t)). 
Hence by the fullness of fs on U, in order to show that y(s) and 
indeed the whole ball B,(y(t)) 1 ies in f,(U), it suffices to show that 
for s in 1, f,(U) contains at least one point of B,( y(t)) and a fortiori a 
point of the component of Y - cl(fs( W)) which contains &(y(t)). 
Let x0 be a point of U such that fi(xo) = y(t). Then 
i.e., f,(x,,) lies in B,.(y(t)). Thus fs(U) contains y(s) for all s in the 
interval I about t, and R is open in [0, I]. Q.E.D. 
Obviously, the hypothesis that Y is a Banach space in Theorem 2 
is replaceable by the weaker and more natural condition that Y is 
locally connected. 
Theorems 1 and 2, taken together, give us a principle of invariance 
for solutions of equations involving the classes of normally solvable 
mappings satisfying the conditions (I), (II), and (III) which forms an 
intermediate case between the corresponding theory for invertible 
mappings and the ordinary homotopy theory for continuous mappings. 
Since the class of mappings involved in the finite dimensional case 
includes all differentiable maps with surjective differentials, it 
obviously includes a wide class of maps which are nullhomotopic in 
the class of continuous maps (or differentiable maps). 
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